ABSTRACT. We introduce simple models for associative algebras and bimodules in the context of nonsymmetric ∞-operads, and use these to construct an (∞, 2)-category of associative algebras, bimodules, and bimodule homomorphisms in a monoidal ∞-category. By working with ∞-operads over n,op we iterate these definitions and generalize our construction to get an (∞, n + 1)-category of E nalgebras and iterated bimodules in an E n -monoidal ∞-category. Moreover, we show that if C is an E n+k -monoidal ∞-category then the (∞, n + 1)-category of E n -algebras in C has a natural E k -monoidal
INTRODUCTION
If C is a monoidal category, then the associative algebra objects 1 in C and their bimodules form a bicategory Alg 1 (C). More precisely, this bicategory has
• associative algebras in C as objects,
• A-B-bimodules in C as 1-morphisms from A to B, • bimodule homomorphisms as 2-morphisms, with composition of 1-morphisms given by taking tensor products: if M is an A-B-bimodule and N is a B-C-bimodule then their composite is M ⊗ B N with its natural A-C-bimodule structure. Moreover, if C is a symmetric monoidal category, such as Mod R for R a commutative ring, then Alg 1 (C) inherits a symmetric monoidal structure.
2 When R is a commutative ring, this symmetric monoidal bicategory Alg 1 (R) := Alg 1 (Mod R ) organizes a wealth of interesting algebraic information:
• Two R-algebras are equivalent in Alg 1 (R) precisely when they are Morita equivalent, i.e. have equivalent categories of modules.
• All R-algebras are dualizable, and the trace of an endomorphism of A, i.e. an A-bimodule M, is the 0th Hochschild homology A ⊗ A⊗A op M of A with coefficients in M.
Date: December 30, 2014. 1 Also commonly called associative monoids, but we will reserve the term monoid for the case when the tensor product in C is the Cartesian product. 2 Although it is intuitively clear that the tensor product on C induces such a symmetric monoidal structure, this seems to have been completely defined only quite recently by Shulman in [Shu10] , following a construction of a braided monoidal structure by Garner and Gurski in [GG09] . Considering the difficulty of even defining symmetric monoidal bicategories in full generality, this is perhaps not entirely unsurprising -cf. [SP14, §2.1] for a discussion of the history of such definitions.
• The fully dualizable objects (in the sense of [Lur09c]), meaning those whose evaluation and coevaluation morphisms have left and right adjoints, which themselves have adjoints, etc., are precisely the smooth and proper algebras -i.e. those R-algebras A that are dualizable as A-bimodules and whose underlying R-modules are dualizable.
• The invertible objects, i.e. those R-algebras A that have an inverse A ′ in the sense that A ⊗ R A ′ is Morita equivalent to R, are precisely the Azumaya algebras over R. Moreover, by considering the invertible objects and the equivalences between them, we obtain a symmetric monoidal 2-groupoid Br 1 (R) with very interesting homotopy groups:
• π 0 Br 1 (R), i.e. the set of isomorphism classes of objects in Br 1 (R), is the classical Brauer group of Azumaya R-algebras, • π 1 Br 1 (R) is the Picard group of invertible R-modules, • π 2 Br 1 (R) is the group R × of multiplicative units in R. These algebraic concepts all have interesting derived versions, which suggests that there should exist a derived or higer-categorical version of the bicategory Alg 1 (R), based on chain complexes of R-modules up to quasi-isomorphism -and more generally allowing R to be a differential graded algebra or even a ring spectrum -such that, for example, the trace of an A-bimodule M is the Hochschild chain complex of A with coefficients in M. However, the ensuing coherence issues seem intractable from the point of view of classical (enriched) category theory.
To avoid this problem, we instead work in the setting of ∞-categories. Roughly speaking, an ∞-category (or (∞, 1)-category) is a structure that has objects and i-morphisms between (i − 1)-morphisms for all i = 1, 2, . . ., but with all i-morphisms invertible for i > 1. However, composition of i-morphisms is not strictly associative, only associative up to a coherent choice of invertible higher morphisms. Using homotopy theory there are a number of ways of making this idea precise in such a way that one can actually work with the resulting structures; we will make use of the theory of quasicategories as developed by Joyal and Lurie [Lur09a] , which is by far the best-developed variant.
We will also consider (∞, n)-categories for n > 1; these have i-morphisms for all i that are invertible when i > n, and are thus the "∞-version" of n-categories. Here our model will be Barwick's n-fold Segal spaces [Bar05] (we will review this notion below in §3.3).
In this paper we will construct analogues of the Morita bicategories of algebras and bimodules in this higher-categorical setting: if C is a nice monoidal ∞-category (i.e. an ∞-category equipped with a tensor product that is associative up to coherent homotopy), we will define an (∞, 2)-category Alg 1 (C) of algebras, bimodules, and bimodule homomorphisms in C.
However, in the ∞-categorical setting it is natural to also ask how this structure extends to E nalgebras. In the context of ordinary categories, an object equipped with two compatible associative multiplications is a commutative algebra; in an ∞-category, however, objects equipped with multiple compatible multiplications give an infinite sequence of algebraic structures lying between associative and commutative algebras, namely the E n -algebras for n = 1, 2, . . .. 3 In particular, we can consider E n -algebras in the ∞-category Cat ∞ of ∞-categories, which gives the notion of E n -monoidal ∞-categories, i.e. ∞-categories equipped with n compatible tensor products.
The main result of this paper is a construction of (∞, n + 1)-categories of E n -algebras in an E nmonoidal ∞-category: Theorem 1.1. Let C be an E n -monoidal ∞-category compatible with geometric realizations. Then there exists an (∞, n + 1)-category Alg n (C) whose objects are E n -algebras in C, with 1-morphisms given by E n−1 -algebras in bimodules in C, 2-morphisms by E n−2 -algebras in bimodules in bimodules in C, and so forth.
Here the compatibility of the monoidal structure with geometric realizations is a mild technical assumption needed for the existence of relative tensor products. For example, we can take C to be the (symmetric monoidal) ∞-category Mod R of modules over a ring spectrum R or the "derived ∞-category" D ∞ (R) obtained by inverting the quasi-isomorphisms in the category of chain complexes of R-modules for an associative ring R (or more generally in the category of dg-modules over a dgalgebra R).
In fact, just as we can consider Alg 1 (C) for a monoidal category C as the bicategory underlying a double category with associative algebras as objects, bimodules as vertical morphisms, and algebra homomorphisms as horizontal morphisms, we will construct Alg 1 (C) as the underlying (∞, 2)-category of a double ∞-category ALG 1 (C), and more generally Alg n (C) will be the underlying (∞, n + 1)-category of an (n + 1)-fold ∞-category.
If C is a symmetric monoidal ∞-category, we will also show that Alg n (C) inherits a symmetric monoidal structure. More precisely, our result is as follows: Theorem 1.2. If C is an E m+n -monoidal ∞-category compatible with geometric realizations, then the (∞, n + 1)-category Alg n (C) inherits a natural E m -monoidal structure.
Thus, we can consider ∞-categorical analogues of the structures mentioned above. In particular, we can consider the invertible objects in Alg n (C). Restricting to the equivalences between these, we get an ∞-groupoid Br n (C). If C is a symmetric monoidal ∞-category, these are grouplike symmetric monoidal ∞-groupoids, or equivalently connective spectra.
Our final main result, which describes the mapping (∞, n)-categories in Alg n (C), allows us to understand the relationship between these "n-Brauer spaces":
Theorem 1.3. Suppose C is an E n -monoidal ∞-category compatible with geometric realizations and initial objects. Then for any E n -algebras A and B in C, the (∞, n)-category Alg n (C)(A, B) of maps from A to B is equivalent to Alg n−1 (Bimod A,B (C)), where Bimod A,B (C) is the ∞-category of A-B-bimodules in C equipped with a natural E n−1 -monoidal structure.
In particular, if I is the unit of the monoidal structure then Alg n (C)(I, I) ≃ Alg n−1 (C). This implies that ΩBr n (C) is equivalent to Br n−1 (C).
The n-Brauer spaces Br n (C) for a symmetric monoidal ∞-category C are thus a sequence of deloopings, and so we can combine these spaces into a non-connective "Brauer spectrum" BR(C) with π −k BR(C) = π n−k Br n (C) for n ≥ k.
When n = 1, the Brauer space Br 1 (R) := Br 1 (Mod R ), for R a commutative ring spectrum, has very interesting homotopy groups:
• π 0 Br 1 (Mod R ) is the Brauer group of derived Azumaya algebras, as studied by Toën [Toë12] , Baker-Richter-Szymik [BRS12] , and Antieau-Gepner [AG14] ; • π 1 Br 1 (Mod R ) is the Picard group of invertible R-modules, as studied by Hopkins-MahowaldSadofsky [HMS94] , May [May01] , Mathew-Stojanoska [MS14] , and others; • for * > 1 we have π * Br 1 (Mod R ) = π * −2 (Ω ∞ R × ), where Ω ∞ R × denotes the components of Ω ∞ R lying over the units in π 0 R A fascinating question for future research is whether the spaces Br n (R) for R a (connective) commutative ring spectrum satisfyétale descent in the same way as the Brauer spaces Br 1 (R) (as proved by Toën [Toë12] and Antieau-Gepner [AG14] ). If theétale-local triviality results of the same authors for Br 1 (R) also extend to n > 1, this would imply that the group π 0 Br n (R) is closely related to theétale cohomology group H n+1 et (R; G m ). We can also consider the dualizable objects in Alg n (C), which are interesting from the point of view of topological quantum field theories (TQFTs). In the case n = 1, we expect that all objects of Alg 1 (C) are dualizable -this is proved by Lurie in [Lur14, §4.6 .3] in a slightly different setting. Moreover, the trace of an endomorphism M of an algebra A should clearly be given by A ⊗ A⊗A op M -since we are working in a context where everything is "derived" this recovers the topological Hochschild homology spectrum when C is the ∞-category of spectra and the Hochschild chain complex if C is the derived ∞-category of chain complexes of modules over a commutative ring. The 2-dualizable objects should be precisely the smooth and proper algebras -this is essentially proved by Lurie in [Lur14, §4.6.4].
For general n, it is expected that all E n -algebras are n-dualizable in Alg n (C) (i.e. fully dualizable in the underlying (∞, n)-category), and so define n-dimensional framed TQFTs via the cobordism hypothesis [Lur09c] . Moreover, the TQFT associated to an E n -algebra A should be given on a closed framed n-manifold M by the topological chiral homology or factorization homology of M with coefficients in A, as introduced by Lurie [Lur14, §5.5] and Andrade [And10] . Indeed, work in progress of Scheimbauer constructs an n-dimensional TQFT extending factorization homology that takes values in a geometric version of the (∞, n + 1)-category Alg n (C).
1.1. Related Work. As already mentioned, a geometric construction of (∞, n + 1)-categories closely related to Alg n (C) is work in progress of Scheimbauer; her construction uses locally constant factorization algebras on certain stratifications of R n to define E n -algebras and iterated bimodules (see [Gin14] for an outline). However, the natural definition of bimodules in the factorization algebra setting is not quite the same as ours: the bimodules that arise from factorization algebras are pointed. If ALG FA n (C) denotes Scheimbauer's (∞, n + 1)-category of E n -algebras in C, we therefore expect the relation to our work to be as follows: Conjecture 1.4. Let C be an E n -monoidal ∞-category compatible with geometric realizations. Then ALG FA n (C) is equivalent to ALG n (C I/ ). An alternative geometric construction of Alg n (C) is also part of unpublished work of Ayala and Rozenblyum. Moreover, a third possible geometric construction is sketched in the work of Morrison and Walker on the blob complex [MW12] .
In the case n = 1, an alternative construction of the double ∞-categories ALG 1 (C) using symmetric ∞-operads can be extracted from [Lur14, §4.4]. Indeed, many of the results in §5 are simply non-symmetric variants of Lurie's -the main advantage of our setup being that our results generalize easily to n > 1.
1.2.
Overview. In §2 we introduce our models for bimodules and their tensor products in Cartesian monoidal ∞-categories, i.e. ones where the monoidal structure is the Cartesian product, as this allows us to clarify their underlying meaning without introducing the machinery of ∞-operads. Similarly, in §3 we consider E n -algebras and iterated bimodules in the Cartesian setting. Next, we review the basics of the theory of ∞-operads over n,op in §4. In §5 we then construct the (∞, 2)-categories Alg(C) for C a general monoidal ∞-category. The technical results we prove in the process of this construction turn out to extend to the setting of E n -algebras for n > 2, and so in §6 we construct the (∞, n + 1)-categories Alg n (C) without much more work; we also consider the functoriality of these (∞, n + 1)-categories and their natural monoidal structures.
1.3. Acknowledgements. I thank Clark Barwick and Chris Schommer-Pries for sharing their work on operator categories, of which much of the material in §4 is a special case. In addition, I thank David Gepner and Owen Gwilliam for helpful discussions about this project.
1.4. Notation. We generally reuse the notation and terminology used by Lurie in [Lur09a, Lur14] ; here are some exceptions and reminders:
• is the simplicial indexing category, with objects the non-empty finite totally ordered sets [n] := {0, 1, . . . , n} and morphisms order-preserving functions between them.
• To avoid clutter, we write n for the product ×n , and use n,op /I to mean (( ×n ) /I ) op for any I ∈ n .
• op is the category of pointed finite sets.
• Generic categories are generally denoted by single capital bold-face letters (A, B, C) and generic ∞-categories by single caligraphic letters (A, B, C). Specific categories and ∞-categories both get names in the normal text font.
• Set ∆ is the category of simplicial sets, i.e. the category Fun( op , Set) of set-valued presheaves on .
• S is the ∞-category of spaces; this can be defined as the coherent nerve NSet • We make use of the elegant theory of Grothendieck universes to allow us to define (∞-)categories without being limited by set-theoretical size issues; specifically, we fix three nested universes, and refer to sets contained in them as small, large, and very large. When C is an ∞-category of small objects of a certain type, we generally refer to the corresponding ∞-category of large objects as C, without explicitly defining this object. For example, Cat ∞ is the (large) ∞-category of small ∞-categories, and Cat ∞ is the (very large) ∞-category of large ∞-categories.
• If C is an ∞-category, we write ιC for the interior or underlying space of C, i.e. the largest subspace of C that is a Kan complex.
• If f : C → D is left adjoint to a functor g : D → C, we will refer to the adjunction as f ⊣ g.
• We will say that a functor f : C → D of ∞-categories is coinitial if the opposite functor f op : C op → D op is cofinal.
ALGEBRAS AND BIMODULES IN THE CARTESIAN SETTING
Our goal in this section is to introduce the models for algebras and bimodules we will use in this paper, and to motivate our approach to defining an (∞, 2)-category of these. Here we will only consider the case where the monoidal ∞-category these take values in has the Cartesian product as its tensor product -to consider general monoidal ∞-categories we must work in the context of non-symmetric ∞-operads, and this extra layer of formalism can potentially obscure the simple underlying meaning of our definitions. Along the way we also give a quick introduction to Segal spaces, as we will make use of this model for ∞-categories, as well as related structures, later in the paper.
2.1.
and Associative Algebras. The observation that simplicial spaces satisfying a certain "Segal condition" give a model for A ∞ -spaces, i.e. spaces equipped with a homotopy-coherently associative multiplication, goes back to Segal. Formulated in the language of ∞-categories, Segal's definition of a homotopy-coherently associative monoid, which in the ∞-categorical setting is the only meaningful notion of an associative monoid, is the following: Definition 2.1. Let C be an ∞-category with finite products. An associative monoid in C is a simplicial object A • : op → C such that for every [n] in the natural map To see that this definition makes sense, observe that the inner face map
To see that the multiplication is associative, observe that the diagram
which commutes up to a specified homotopy, exhibits a homotopy between the two possible multiplications A ×3 1 → A 1 . Similarly, the higher-dimensional cubes giving compatibilities between the different composites of face maps [1] → [n] exhibit the higher coherence homotopies for the associative monoid.
If we take C to be the ∞-category Cat ∞ of ∞-categories, then associative monoids in Cat ∞ give a good notion of a monoidal ∞-category. Using the correspondence between functors to Cat ∞ and coCartesian fibrations, we can reformulate this as follows:
) ×n , induced by the coCartesian morphisms over the maps ρ i in op , is an equivalence.
2.2.
and ∞-Categories. As originally observed by Rezk [Rez01] , a generalization of Segal's definition of associative monoids gives a model for ∞-categories, namely Segal spaces. In the ∞-categorical context, these are a special case of the natural definition of an internal category or category object: Definition 2.3. Let C be an ∞-category with finite limits. A category object in C is a simplicial object
, is an equivalence. We write Cat(C) for the full subcategory of Fun( op , C) spanned by the category objects.
A Segal space is a category object in the ∞-category S of spaces. We can think of a Segal space X • as having a space X 0 of "objects" and a space X 1 of "morphisms"; the face maps X 1 ⇒ X 0 assign the source and target object to each morphism, and the degeneracy s 0 : X 0 → X 1 assigns an identity morphism to every object. Then X n ≃ X 1 × X 0 · · · × X 0 X 1 is the space of composable sequences of n morphisms, and the face map
The remaining data in X • gives the homotopy-coherent associativity data for this composition and its compatibility with the identity maps.
We can regard the ∞-category Cat ∞ of ∞-categories as the localization of the ∞-category of Segal spaces at the fully faithful and essentially surjective functors (in the appropriate homotopically correct sense). The main theorem of [Rez01] is that this localization is given by the full subcategory CSS(S) of Cat(S) spanned by the complete Segal spaces. It was proved by Joyal and Tierney [JT07] that the model category of complete Segal spaces is Quillen equivalent to Joyal's model category of quasicategories, and so the ∞-category Cat ∞ , defined using quasicategories, is equivalent to CSS(S).
We will also make use of category objects in Cat ∞ . These give a notion of double ∞-categories, just as double categories can be thought of as internal categories in Cat. Using the correspondence between coCartesian fibrations and functors to Cat ∞ , we can reformulate this notion as follows: Definition 2.4. A double ∞-category is a coCartesian fibration M → op such that for each [n] the map
induced by the coCartesian morphisms over the maps ρ i and the maps [n] → [0] in op , is an equivalence.
We will see below in §3.3 that from a double ∞-category we can extract an underlying (∞, 2)-category in the sense of Barwick's 2-fold Segal spaces.
/[1]
and Bimodules. We will now see that, just as simplicial objects give a natural notion of associative monoids, presheaves on the slice category /[1] give a model for bimodules between associative monoids: Definition 2.5. Let C be an ∞-category with finite products. A bimodule in C is a functor
induced by composition with the maps
To see that such objects can indeed be interpreted as bimodules, observe that the category /[1] can be described as having objects sequences (i 0 , . . . , i n ) where 0
Then a functor M :
→ C is a bimodule if and only if the object 
implies that these module structures are compatible. The remaining data given by M shows that these actions are homotopy-coherently associative and compatible with the multiplications in M(0, 0) and M(1, 1). 
equipped with an M(1, 1)-bilinear structure, which we can think of as the restriction of M along the inclusion j :
that sends [n] to (0, 1, . . . , 1, 2) (with (n + 1) 1's, for n = −1, 0, . . .). We would like to understand what it means for the bimodule M(0, 2) to be the tensor product M(0, 1) ⊗ M(1,1) M(1, 2) in terms of this data. In classical algebra, if A is an assocative algebra and M is a right and N a left A-module, the tensor product M ⊗ A N can be defined as the reflexive coequalizer of the two multiplication maps M × A × N → M × N. As usual, in the ∞-categorical setting this coequalizer must be replaced by its "derived" version, namely the colimit of a simplicial diagram, commonly known as the "bar construction": specifically, this is the dia- clearly sends a monoid A to A considered as an A-A-bimodule, and so gives the correct identity morphisms. We would like to take alg 1 (C) 2 to be the space of composite /[2] -monoids. However, for this to make sense we need to know that this space satisfies the Segal condition -the fact that it does is the smallest special case of one of the main results of this paper.
To define the spaces alg 1 (C) n for general n, we similarly consider the obvious generalization to /[n] -monoids for arbitrary n. If we think of /[n] as having objects sequences (i 0 , . . . , i m ) with 0 ≤ i k ≤ i k+1 ≤ n, we have the following definition: Definition 2.7. Let C be an ∞-category with finite products. Then a /[n] -monoid in C is a functor M : ( /[n] ) op → C such that for every object (i 0 , . . . , i m ), the natural map
induced by composition with the maps ρ i , is an equivalence. 
commutes. 
As in the case n = 2, this can be formulated precisely in terms of certain (multi)simplicial diagrams being colimits -we will do this below in §5.1, as the simplest definition uses the language of operadic Kan extensions. Write alg 1 (C) n for the space of composite /[n] -monoids. The main results of this paper, specialized to the simplest case we are currently discussing, then give us: 
is an equivalence for all n.
This means that alg 1 (C) • is a Segal space -this (or more precisely its completion) is our ∞-category of algebras and bimodules. We can just as easily consider the ∞-categories ALG 1 (C) n of composite /[n] -monoids, i.e. the appropriate full subcategories of Fun(
, C). These form a category object ALG 1 (C) in Cat ∞ , i.e. a double ∞-category -this has associative monoids as objects, algebra homomorphisms as vertical morphisms, bimodules as horizontal morphisms, and, in the obvious sense, bimodule homomorphisms as commutative squares. As we will see below in §3.3, from this double ∞-category we can then extract an (∞, 2)-category Alg 1 (C) of algebras, bimodules, and bimodule homorphisms.
E n -ALGEBRAS AND ITERATED BIMODULES IN THE CARTESIAN SETTING
We will now observe that the definitions of algebras and bimodules in the previous section can all be iterated, and that this gives models for E n -algebras and iterated bimodules. Similarly, iterating the definition of category objects gives a notion of an n-fold category object, and in the case of spaces this leads to a notion of (∞, n)-categories in the form of Barwick's iterated Segal spaces; we will also briefly review these here, as they are the model of (∞, n)-categories we will use below in §6.
3.1. n and E n -Algebras. The Dunn-Lurie Additivity Theorem [Lur14, Theorem 5.1.2.2] implies that, in the ∞-categorical setting, E n -algebras in some ∞-category C are equivalent to associative algebras in E n−1 -algebras in C. In the Cartesian setting we would thus expect that associative monoids in associative monoids in . . . in C give a model for E n -algebras in C -we will prove a precise version of this claim below in §4.4. Unwinding the definition, we see that these objects can be described as certain multisimplicial objects in C: Definition 3.1. Let C be an ∞-category with finite products. A n -monoid in C is a multisimplicial object
induced by the maps (ρ j 1 , . . . , ρ j n ), is an equivalence.
In particular, if we take C to be Cat ∞ , n -monoids give a notion of E n -monoidal ∞-categories. Reformulating this in terms of coCartesian fibrations, we get the following definition:
×i 1 ···i n , induced the coCartesian morphisms over the maps (ρ j 1 , . . . , ρ j n ), is an equivalence.
3.2. n and n-fold ∞-Categories. Just as we can iterate the notion of associative monoid to get a definition of E n -algebras in the Cartesian setting, we can iterate the definition of a category object to get a definition of n-fold internal categories. To state this definition more explicitly, it is useful to first introduce some notation: 
is an equivalence. We write Cat n (C) for the full subcategory of Fun( n,op , C) spanned by the n-fold category objects. If C is the ∞-category S of spaces, an n-fold category object X •,...,• can be thought of as consisting of
• a space X 0,...,0 of objects • spaces X 1,0,...,0 , . . . , X 0,...,0,1 of n different kinds of 1-morphism, each with a source and target in X 0,...,0 , • spaces X 1,1,0,...,0 , etc., of "commutative squares" between any two kinds of 1-morphism, • spaces X 1,1,1,0,...,0 , etc., of "commutative cubes" between any three kinds of 1-morphism, • . . .
• a space X 1,1,...,1 of "commutative n-cubes", together with units and coherently homotopy-associative composition laws for all these different types of maps. In other words, an n-fold category object in S can be regarded as an n-fold ∞-category.
Since ∞-categories can be thought of as (complete) Segal spaces, i.e. category objects in S, we can think of n-fold category objects in Cat ∞ as (n + 1)-fold ∞-categories. More precisely, regarding Cat ∞ as the ∞-category of complete Segal spaces we have an inclusion Cat ∞ ֒→ Cat(S), and this induces an inclusion Cat n (Cat ∞ ) ֒→ Cat n+1 (S). Using the equivalence between functors to Cat ∞ and coCartesian fibrations, n-fold category objects in Cat ∞ correspond to the following concept: Definition 3.9. A n -uple ∞-category is a coCartesian fibration M → n,op such that for any I ∈ n,op , the functor
induced by coCartesian morphisms over the inert morphisms C → I in n , is an equivalence.
3.3. n and (∞, n)-Categories. We can view (∞, n)-categories as given by the same kind of data as an n-fold ∞-category, except that there is only one type of 1-morphism, so to define (∞, n)-categories as a special kind of n-fold ∞-category we want to require certain spaces to be "trivial". This leads to Barwick's definition of an n-fold Segal object in an ∞-category:
Definition 3.10. Suppose C is an ∞-category with finite limits. A 1-fold Segal object in C is just a category object in C. For n > 1 we inductively define an n-fold Segal object in C to be an n-fold
• is an (n − 1)-fold Segal object for all k. We write Seg n (C) for the full subcategory of Cat n (C) spanned by the n-fold Segal objects. When C is the ∞-category S of spaces, we refer to n-fold Segal objects in S as n-fold Segal spaces.
Remark 3.11. Unwinding the definition, we see that an n-fold Segal space X consists of
• a space X 0,...,0 of objects,
• a space X 1,...,1 of n-morphisms, together with units and coherently homotopy-associative composition laws for these morphisms.
There is a canonical way to extract an n-fold Segal space from an n-fold ∞-category:
Although n-fold Segal spaces describe (∞, n)-categories, the ∞-category Seg n (S) is not the correct homotopy theory of (∞, n)-categories, as we have not inverted the appropriate class of fully faithful and essentially surjective maps. This localization can be obtained by restricting to the full subcategory CSS n (S) of complete n-fold Segal spaces, as proved by Barwick [Bar05] ; we denote the localization Seg n (S) → CSS n (S) by L n .
Remark 3.13. There is a canonical way to extract an (∞, n)-category from an n-fold ∞-category C, namely the completion L n U Seg C of the underlying n-fold Segal space of C. Moreover, the functor L n U Seg : Cat n (S) → Cat (∞,n) is symmetric monoidal with respect to the Cartesian product -since U Seg is a right adjoint it preserves products, and L n preserves products by [Hau14, Lemma 2.21].
) also preserves products, since i is also a right adjoint.
3.4. n /I and Iterated Bimodules. We will now consider how to extend the definition of the double ∞-category ALG 1 (C) of algebras, algebra homomorphisms, and bimodules in C we outlined above to get an (n + 1)-fold ∞-category ALG n (C) of E n -algebras. We take the ∞-category ALG 1 (C) 0,...,0 of objects to be the ∞-category of n -monoids in C -a full subcategory of Fun( n,op , C). To define the remaining structure, we first observe that we can iterate the definition of /[i] -monoids to get a notion of n /I -monoids for all I ∈ n :
Definition 3.14. Let C be an ∞-category with products, and suppose I ∈ n . A n /I -monoid in C is a functor X : n,op /I → C such that for every object φ : J → I, the natural map
is an equivalence, where the product is over the set of inert maps from
Just as in the case n = 1, however, we do not want ALG n (C) I to contain all the n /I -monoids, only those that are "composite" in the sense that they decompose appropriately as tensor products. We will define this precisely below in §6.1. The main result of this paper, restricted to the Cartesian case, is then that this does indeed give an (n + 1)-fold ∞-category: 
Thus ALG n (C) is an n-fold category object in Cat ∞ . From this we can then extract an (∞, n + 1)-category Alg n (C) as the underlying complete (n + 1)-fold Segal space L n+1 U Seg iALG n (C).
HIGHER ALGEBRA OVER n
In the previous section we sketched our approach to constructing an (n + 1)-fold ∞-category of E n -algebras in the Cartesian case, i.e. when the E n -algebras are defined with respect to the monoidal structure given by the Cartesian product. However, although this case is certainly not without interest, many key examples of symmetric monoidal ∞-categories where we want to consider E n -algebras have non-Cartesian tensor products -for example: spectra, modules over a ring spectrum, or the "derived ∞-category" of chain complexes in an abelian category with quasiisomorphisms inverted. To extend our definitions to apply also to such non-Cartesian examples, we will work with the theory of ∞-operads.
Specifically, we will make use of the theory of ∞-operads over the categories n,op ; this is an instance of Barwick's theory of ∞-operads over an operator category introduced in [Bar13], and much of the material in this section is a special case either of results of [Bar13] or of unpublished work of Barwick and Schommer-Pries.
In the case n = 1, ∞-operads over op are just the non-symmetric ∞-operads that were discussed in [GH13] . In general ∞-operads over n,op should be thought of as a more algebraic model for symmetric ∞-operads over the E n -operad, just as non-symmetric ∞-operads are a combinatorially simpler model for symmetric ∞-operads over the associative ∞-operad; we will, however, not prove this equivalence here.
4.1. ∞-Operads over n . Recall that the notion of a (symmetric) coloured operad can be regarded as a generalization of that of (symmetric) monoidal category. The definition of symmetric ∞-operads introduced in [Lur14] can be seen as the analogous generalization of symmetric monoidal ∞-categories. Similarly, we will now define n -∞-operads as a generalization of n -monoidal ∞-categories (which we defined above in §3.1). For more motivation for this definition we refer the reader to the discussion in [GH13, §2] in the case n = 1. 
induced by the inert maps C n → I in n,op is an equivalence. (iii) Given X ∈ O I and a coCartesian map X → X φ over each inert map φ : C n → I, the object X is a π-limit of the X φ 's.
Remark 4.2.
A n -monoidal ∞-category as we defined it above is the same thing as a n -∞-operad that is also a coCartesian fibration. We will see below in §4.3 that this is equivalent to Lurie's definition of E n -monoidal ∞-categories in [Lur14] .
We will also need the more general notion of generalized n -∞-operads, which can be thought of as the analogous weakening of the notion of n -uple ∞-categories we discussed above.
Definition 4.3.
A generalized n -∞-operad is an inner fibration π : M → n,op such that:
where the limit is over (Cell
is a π-limit diagram.
Definition 4.4.
A n -uple ∞-category as we defined it above is the same thing as a generalized non-symmetric ∞-operad that is also a coCartesian fibration.
Definition 4.5. Let π : M → op be a (generalized) n -∞-operad. We say that a morphism f in M is inert if it is coCartesian and π( f ) is an inert morphism in op . We say that f is active if π( f ) is an active morphism in op .
Lemma 4.6. The active and inert morphisms form a factorization system on any generalized n -∞-operad.
Proof. This is a special case of [Lur14, Proposition 2.1.2.5].
where M and N are (generalized) n -∞-operads, such that φ carries inert morphisms in M to inert morphisms in N. We will also refer to a morphism of (generalized) n -∞-operads M → N as an M-algebra in N; we write Alg where φ preserves coCartesian morphisms; if M and N are in fact n -monoidal ∞-categories we will also refer to n -uple functors as n -monoidal functors. We write Fun ⊗,n (M, N) for the full subcategory of the ∞-category Fun n,op (M, N) of functors over n,op spanned by the n -uple functors.
4.2. The ∞-Category of n -∞-Operads. It is clear from the definition of morphisms of (generalized) n -∞-operads that the ∞-category of these objects should be regarded as a subcategory of the slice ∞-category (Cat ∞ ) / n,op . In this subsection we will define model categories that describe the ∞-categories of n -∞-operads and generalized n -∞-operads, using Lurie's theory of categorical patterns, which is a machine for constructing nice model structures for certain subcategories of such slice ∞-categories. We will use these model structures to give an explicit model for a key ∞-categorical colimit of generalized n -∞-operads later in the paper. We begin by recalling the definition of a categorical pattern and Lurie's main results concerning them:
• a marking of C, i.e. a collection S of 1-simplices in C that includes all the degenerate ones,
Remark 4.10. Lurie's definition of a categorical pattern in [Lur14, §B] is more general than this: in particular, he includes the data of a scaling of the simplicial set C, i.e. a collection T of 2-simplices in C that includes all the degenerate ones. In all the examples we consider, however, the scaling consists of all 2-simplices of the simplicial set C. We restrict ourselves to this special case as it gives a clearer description of the P-fibrant objects, and also simplifies the notation.
From a categorical pattern, Lurie constructs a model category that encodes the ∞-category of P-fibrant objects, in the following sense: Definition 4.11. Suppose P = (C, S, {p α }) is a categorical pattern. A map of simplicial sets X → C is P-fibrant if the following criteria are satisfied:
(1) The underlying map π : Y → C is an inner fibration. (In particular, Y is an ∞-category.) (2) Y has all π-coCartesian edges over the morphisms in S. Definition 4.13. We will make use of the following categorical patterns:
where I n is the set of inert morphisms in n,op and, for I ∈ n , we write K I for the set of inert morphisms C n → I in n . It is immediate from Definition 4.1 that a map Y → n,op is O n -fibrant precisely if it is a n -∞-operad. (ii) Let M n denote the categorical pattern
Then a map Y → n,op is M ′ n -fibrant if and only if Y → n,op is a n -uple ∞-category. , and (Set + ∆ ) M ′ n whose fibrant objects are, respectively, n -monoidal ∞-categories, generalized n -∞-operads, and n -uple ∞-categories. We write Mon n ∞ , Opd n ,gen ∞ , and Upl n ∞ for the ∞-categories associated to these simplicial model categories, and refer to them as the ∞-categories of n -monoidal ∞-categories, generalized n -∞-operads, and n -uple ∞-categories. for the ∞-category of n -monoidal ∞-categories and lax n -monoidal functors, i.e. the full subcategory of Opd n ∞ spanned by the n -monoidal ∞-categories.
We now show that taking Cartesian products gives left Quillen bifunctors relating n -∞-operads for varying n. This will allow us to reduce the proofs of the technical results needed in §6 to the case where n = 1. First we introduce some notation and recall a result of Lurie: 
where p x (−∞) = x. We say that P is reduced if moreover K c has an initial object for every c in the image of
are objectwise categorical patterns, we let P ⊠ Q be the objectwise categorical pattern 
of ∞-categories where all the maps are fully faithful, such that every object of C is contained in either Proof of Proposition 4.21. By the uniqueness statement in Theorem 4.12 it is enough to check that the fibrant objects are the same in the two model structures. Supposing Y → C is an inner fibration with all coCartesian morphisms over the morphisms in S, we are interested in the following conditions:
We must show that (1) and (1') are equivalent, and that (2) and (2') are equivalent.
To see that (1) implies (1'), let φ :
We now apply Lemma 4.22 to the square
By assumption φ| (K x ×L y ) ⊳ is a right Kan extension of φ| K x ×L y , and it is immediate from reducedness of the categorical patterns that
is obviously coinitial, it follows that φ| {−∞}×L ⊳ y is a limit diagram. Similarly, φ| K ⊳ x ×{−∞} is a limit diagram, which proves (1').
Conversely, to see that (1') implies (1) we consider the square
Let φ be as above; then it follows from (1') that φ|
⊳ is a right Kan extension of φ| K ⊳ x ×L y , and so by Lemma 4.22 it follows that φ is a right Kan extension of φ| K x ×L y . But then φ| (K x ×L y ) ⊳ is also a right Kan extension of φ| K x ×L y , which proves (1).
It follows by the same argument, applied to a coCartesian section φ :
Applying this to the categorical patterns we're interested in, we get: 
Proof. Combine Corollary 4.23 with Proposition 4.19.
Finally, we recall a useful result on functoriality of categorical pattern model structures: 
4.3. n -∞-Operads and Symmetric ∞-Operads. We now relate the n -∞-operads defined above to the symmetric ∞-operads studied in [Lur14] .
Definition 4.27. Let O Σ denote the categorical pattern ( op , I Σ , {p n : P ⊳ n → op }), where op is the category of finite pointed sets, I Σ denotes the set of inert morphisms in op , and P n is the set of inert morphisms n → 1 in op (where n := ({0, 1, . . . , n}, 0) ). Moreover, since the induced Quillen functors are enriched in marked simplicial sets, we get equivalences Alg
where O is a n -∞-operad and P is a symmetric ∞-operad.
By Corollary 4.24 and Proposition 4.26 we then have a commutative diagram of left Quillen functors (Set
where the left horizontal functors are given by the Cartesian products. The Boardman-Vogt tensor product of symmetric ∞-operads, as defined in [Lur14, §2.2.5], is the functor of ∞-categories induced by the composite functor along the bottom of this diagram. On the level of ∞-categories we have therefore proved the following:
Proposition 4.30. There is a commutative diagram
Invoking the Dunn-Lurie Additivity Theorem, we get:
Corollary 4.31. The symmetric ∞-operad u n ! ( n,op ) is equivalent to E n . Proof. Applying Proposition 4.30 we have an equivalence 
4.4. n -Monoid Objects. We will now observe that the n -monoids that we considered above are equivalent to n -algebras in a Cartesian monoidal ∞-category.
Definition 4.33. Let C be an ∞-category with finite products and O a generalized n -∞-operad.
An O-monoid in C is a functor F : O → C such that for every I ∈ n,op and X ∈ O I , if X → X α is a coCartesian morphism lying over the inert map α :
is an equivalence. We write Mon 
Proof. This is just the special case of Corollary 4.35 where C = Cat ∞ . 4.5. Free Algebras. In this section we state the results on free algebras that we will need in this paper. They can be proved in the same way as the analogous results in [Lur14] . Since they are, moreover, special cases of results we intend to prove in greater generality in a subsequent paper, we do not include proofs here.
Definition 4.37. Suppose π : C ⊗ → n,op is a n -monoidal ∞-category. If K is some class of simplicial sets we say that C ⊗ is compatible with K-indexed colimits if (1) the underlying ∞-category C has K-indexed colimits, (2) for every active map φ : I → C n in n,op , the induced functor
Definition 4.38. Let i : A → B be a morphism of generalized n -∞-operads. We say that i is extendable if for every B ∈ B lying over I ∈ n,op , the morphism
induced by composition with the coCartesian morphisms B → B i along the inert maps i : I → C n is cofinal.
Definition 4.39. Let π : C ⊗ → n,op be a n -monoidal ∞-category and suppose i : O → P is an extendable morphism of generalized n -∞-operads. We say a P-algebra A : P → C ⊗ is an operadic left Kan extension of i * A along i if for every P ∈ P the map Remark 4.42. Let i : O → P be an extendable morphism of generalized n -∞-operads, and let C ⊗ and D ⊗ be n -monoidal ∞-categories compatible with O act /P -indexed colimits for all P ∈ P C n . Suppose moreover that f ⊗ : C ⊗ → D ⊗ is a n -monoidal functor such that the underlying functor f : C → D preserves O act /P -indexed colimits for all P ∈ P C n . Then it is immediate from the description of i ! in terms of colimits that the diagram
commutes, where the horizontal morphisms are given by composition with f ⊗ .
4.6. Monoidal Properties of the Algebra Functor. In this subsection we observe that the Cartesian product of generalized n -∞-operads leads to natural monoidal structures on ∞-categories of algebras.
Definition 4.43. For any categorical pattern P, the model category (Set + ∆ ) P is enriched in marked simplicial sets, so the enriched Yoneda functor gives a right Quillen bifunctor
We write Alg n → (Opd
for an associated coCartesian fibration.
Definition 4.44. Since (Set + ∆ ) P is a (marked simplicially enriched) symmetric monoidal model category with respect to the Cartesian product, the functor H P is lax monoidal with respect to the Cartesian product. Thus, for P = O gen n it induces on the level of ∞-categories a monoid ((Opd
This corresponds to a coCartesian fibration of generalized symmetric ∞-operads
This construction describes the "external product" that combines two algebras A : O → O ′ and 
) op this describes the "half-internalized" tensor product of O-algebras given by, for A : O → P and B : O → Q,
The projection π also corresponds to a (Opd 
which sends an E n+m -monoidal ∞-category C to a natural E m -monoidal structure on Alg
Remark 4.47. Let i : O → P be an extendable morphism of generalized n -∞-operads, and let C ⊗ and D ⊗ be n -monoidal ∞-categories compatible with O act /P -indexed colimits for all P ∈ P C n . If the ∞-categories O act /P are all sifted, then it is clear from Theorem 4.40 that there is a commutative diagram
where ⊗ denotes the "half-internalized" tensor product of algebras. In particular, if C is a n+1 -monoidal ∞-category compatible with sifted colimits (or just colimits indexed by the diagrams O act /P ), then we get a commutative square Definition 4.48. Let Act( n,op ) be the full subcategory of Fun(∆ 1 , n,op ) spanned by the active morphisms. If M is a generalized n -∞-operad, we define Env n (M) to be the fibre product
We will refer to Env n (M) as the n -uple envelope of M -this terminology is justified by the next results:
Proposition 4.49. The map Env n (M) → n,op induced by evaluation at 1 in ∆ 1 is a n -uple ∞-category. 
Proof. As [Lur14, Proposition 2.2.4.4].

Proposition 4.50. Suppose N is a n -uple ∞-category and M is a generalized n -∞-operad. The inclusion M → Env n (M) induces an equivalence
Fun ⊗,n (Env n (M), N) → Alg n M (N).
Lemma 4.51. Suppose O is a generalized n -∞-operad and P is a generalized m -∞-operad. There is a natural equivalence
Env
Proof. This is immediate from the definition.
The Internal Hom.
Definition 4.52. By Corollary 4.24, the Cartesian product gives a left Quillen bifunctor
It therefore induces a right Quillen bifunctor
Similarly, there is a right Quillen bifunctor 
where O is a generalized m -∞-operad, P is a generalized n -∞-operad and Q is a generalized m+n -∞-operad, and
where L is a m -uple ∞-category, M is a n -uple ∞-category, and N is a m+n -uple ∞-category.
Lemma 4.53.
Proof. We will prove (i); the proof of (ii) is similar. Suppose C S is a cell of m,op . Then we have
which is contractible if O is a n -∞-operad.
Lemma 4.54. Suppose M is a n+m -uple ∞-category. Then there is a natural equivalence
for all generalized n -∞-operads O. In particular, ALG 
If C ⊗ is a n+m -monoidal ∞-category, combining Lemmas 4.53 and 4.54 we see that ALG 
Combining this with Lemma 4.54, we get: 
ALGEBRAS AND BIMODULES
In this section we carry out the simplest case of our construction: if C is a monoidal ∞-category compatible with geometric realizations, we will construct a double ∞-category ALG 1 (C) of associative algebras in C, with algebra homomorphisms and bimodules as the two kinds of 1-morphisms. In §5.1 we observe that the definition of bimodules we discussed above in §2 has an obvious extension to the non-Cartesian setting and define the ∞-categories ALG 1 (C) k that will make up the simplicial ∞-category ALG 1 (C). In §5.2 we check that these satisfy the Segal condition, and in §5.3 we show that they are functorial and do indeed form a simplicial object in Cat ∞ .
Bimodules and their Tensor Products.
Using the machinery of §4 the definitions of §2 extend easily to the non-Cartesian setting because of the following observation:
Proof. This projection is the fibration associated to the functor
It thus suffices to check that this functor satisfies the Segal condition, which is obvious
Definition 5.2. Let C be a monoidal ∞-category. An associative algebra object in C is a op -algebra, and a bimodule in C is a
-algebra.
Thus, to define the double ∞-category ALG 1 (C), the obvious choice for the ∞-category of objects is Alg 
where the first map sends [n] to (0, 1, . . . , 1, 2) (with n + 1 1's), being a relative colimit diagram.
To get a more convenient version of this condition, and its generalization to /[n] -algebras, it will be useful to reformulate it in terms of operadic Kan extensions. In order to do this, we must first introduce some notation:
We write /[n] for the full subcategory of /[n] spanned by the cellular maps.
Lemma 5.4. The projection
→ op is a generalized non-symmetric ∞-operad, and the inclusion
is a morphism of generalized non-symmetric ∞-operads.
Proof. The class of cellular maps is clearly closed under composition with inert maps, and is defined locally over [1] .
-algebras that are given by tensor products in the appropriate way will turn out to be those that are left operadic Kan extensions along the inclusion τ n :
. For this to make sense, we must first check that the map τ n is extendable, so that we can apply Theorem 4.40: [n] 
-algebra M is in the image of τ n,! if and only if M exhibits M(i, j) as the tensor product
Thus, the following is a good definition of the ∞-categories ALG 1 (C) n for all n:
Definition 5.8. Let C be a monoidal ∞-category compatible with geometric realizations. We say that a
-algebra M in C is composite if the counit map τ n,! τ * n M → M is an equivalence, or equivalently if M is in the essential image of the functor τ n,! . We write ALG 1 (C) n for the full subcategory of Alg -algebras.
5.2. The Segal Condition. Our goal in this subsection is to prove that the ∞-categories ALG 1 (C) i satisfy the Segal condition, i.e. that the natural map
is an equivalence of ∞-categories. We will prove this by showing that for every i the generalized non-symmetric ∞-operad is a homotopy colimit -this boils down to rather tediously checking that a certain map is a trivial cofibration.
We write
for the ordinary colimit
in (marked) simplicial sets (over op ). Since this colimit can be written as an iterated pushout along injective maps of simplicial sets, this colimit in simplicial sets is a homotopy colimit corresponding to the ∞-categorical colimit we're interested in. Moreover, there is an obvious inclusion
.
Proposition 5.9. The inclusion
is a trivial cofibration in the model category (Set
Proof. Before we begin the proof, we must introduce some terminology. We can think of 
We'll say that an n-simplex (σ, J) of
, and new otherwise, • narrow if r n = 1 and wide if r n > 1.
We say a morphism φ in op is neutral if it is neither active nor inert.
For an object J of , we write π (σ,J) :
for the corresponding diagram, and π ∂ • Let S 1 [n] be the set of nondegenerate wide new n-simplices (σ, J) such that f σ n is inert.
be the set of non-degenerate new (n + 1)-simplices (σ, J) such that r n+1 = 1 and f σ n+1 and f σ n are both inert.
• Let S ′′ 1 [n] be the set of non-degenerate new (n + 2)-simplices (σ, J) such that r n+1 = 1, r n+2 = 0, and f σ n+1 and f σ n are both inert. , r) be the set of nondegenerate narrow new n-simplices (σ, J) such that f σ k is inert, f σ r is neutral, and f σ p is active for k < p < r and p > r.
be the set of nondegenerate new (n + 1)-simplices (σ, J) such that r n = 1, r n+1 = 0, f σ k is inert, f σ r is neutral, and f σ p is active for k < p < r and r < p < n + 1.
be the set of nondegenerate new (n + 2)-simplices (σ, J) such that r n+1 = 1, r n+2 = 0, f σ k is inert, f σ r is inert, and f σ i is active for k < p < r and r < p < n + 2.
[n](k) be the set of nondegenerate new (n + 1)-simplices (σ, J) such that r n+1 = 1, f σ k and f σ n+1 are inert, and f σ p is active for k < p < n + 1.
[n](k) be the set of nondegenerate new (n + 1)-simplices (σ, J) such that r n = 1, r n+1 = 0, f σ k is neutral, and f σ p is active for k < p < n + 1, and (σ, J) is not contained inT ′ 1 (l) for any l < k.
[n](k) be the set of nondegenerate new (n + 2)-simplices (σ, J) such that r n+1 = 1, r n+2 = 0, f σ k is inert and f σ p is active for k < p < n + 2, and (σ, X) is not contained in 
For k = 0, . . . , 3 define F n,k ⊆ F(n) to be the subset containing the simplices in F(n − 1) together with those in
Then it suffices to prove that the inclusions
, observe that since any narrow new n-simplex whose final map is inert is contained in F(n − 1) = F n,0 , as is any new (n + 1)-simplex whose final map is [1] → [0] and whose penultimate map is inert, the map π ∂ (σ,J) factors through F(n − 1). Thus we have a pushout diagram
Since the upper horizontal map is O gen 1 -anodyne, so is the lower horizontal map. k = 2: First let G n,k be the subset of F n,2 containing the simplices in F n,1 together with those in
are trivial cofibrations. Next for p = 0, 1, 2 let G p n,k be the subset of G n,k containing the simplices in G n,k+1 together with those in
It then suffices to prove that the inclusions
are trivial cofibrations. We now consider these two inclusions in turn:
• p = 1: Let I n,k,r be the subset of G 1 n,k containing the simplices of G n,k+1 together with those in
It then suffices to show that the inclusions
are trivial cofibrations. Finally, let I ′ n,k,r be the subset of I n,k,r containing the simplices in I n,k,r−1 together with those in T 1 [n](k, r) and T ′ 1 [n](k, r). We then wish to show that the inclusions I n,k,r ֒→ I ′ n,k,r ֒→ I n,k,r+1 are trivial cofibrations. Observe that for (σ,
Thus we get a pushout diagram
Similarly, for each (σ,
This implies that the map I ′ n,k,r → I n,k,r is also a trivial cofibration.
factors through G 1 n,k . This means we have a pushout diagram
As in the case k = 1, it follows that G 1 n,k → G 2 n,k is a trivial cofibration. k = 3: Let H n,k be the subset of F n,3 containing the simplices in F n,2 together with those in
are trivial cofibrations. Let H ′ n,k be the subset of H n,k containing the simplices in H n,k−1 together with those in S 3 [n](k) and S ′ 3 [n](k). We then wish to show that the inclusions
if k = 1 (since all narrow simplices all of whose maps are active are in
and so the inclusion
factors through F n,3 , and so we have a pushout diagram
Thus the inclusion F n,3 → F n,4 is also a trivial cofibration, which completes the proof.
Corollary 5.10. Let M be a generalized non-symmetric ∞-operad. The restriction map
is an equivalence of ∞-categories.
Proof. Since the model category (Set
is enriched in marked simplicial sets and the inclusion
is a trivial cofibration by Proposition 5.9, for any generalized non-symmetric ∞-
(M) is a trivial Kan fibration, and the map
is an equivalence by definition, since
is a homotopy colimit.
Corollary 5.11. Let C be a monoidal ∞-category compatible with geometric realizations. Then the natural restriction map
is an equivalence.
Proof. This map factors as a composite of the maps
where the first is an equivalence by definition and the second by Corollary 5.10.
5.3. The Double ∞-Category of Algebras. Our goal in this subsection is to prove that the ∞-categories ALG 1 (C) n fit together into a simplicial ∞-category. We will do this by checking that composite (C). Write ALG 1 (C) for the full subcategory of ALG 1 (C) spanned by the objects of ALG 1 (C) n for all n, i.e. the composite
-algebras for all n.
We then wish to prove that the restricted projection ALG 1 (C) → op is a coCartesian fibration, with the coCartesian morphisms inherited from ALG 1 (C). The key step is to prove that a certain functor is cofinal by a Theorem A argument; to state the required result we first need the following technical generalization of cellular maps: 
given by composition with φ is coinitial.
Since coinitial maps are closed under composition, it suffices to show that the two functors
are both coinitial.
To prove that φ ′′ * is coinitial, recall that by [Lur09a, Theorem 4.1.3.1] (Theorem A for ∞-categories) it suffices to prove that for each
where ξ is a φ-cellular map and α is active, and an objectX ∈ ((
where θ is a cellular map and π and λ are active. Since φ ′′ is injective, this category has a final object: . But then, since α is active, the maps π and λ must also be active. Morover, it is clear that any other object of the category has a unique map to this, i.e. this is a final object. This implies that the category is weakly contractible.
In the surjective case, we can write φ ′ as a composite of elementary degeneracies, and so it suffices to consider the case where φ ′ is an elementary degeneracy s t : [l + 1] → [l]. We again wish to apply [Lur09a, Theorem 4.1.3.1] and show that for each X ∈ ( /[l] ) act s t γ/ , the category ( ( /[l+1] ) act γ/ ) /X is weakly contractible. Let X be as above, and let Λ X denote the partially ordered set of pairs (a, b) where
where: θ (a,b) is cellular, λ (a,b) and π (a,b) are active, and that the diagram commutes. The  maps (a, b) → (a, b − 1) and (a + 1, b) are sent by G X to the obvious transformations of diagrams including the face maps
It is clear that
This sends a diagram as above to (a, b) where a is maximal such that there exists i ∈ [q] with θ(i) = t and λ(i) = a, and b is minimal such that there exists i with θ(i) = t + 1 and λ(i) = b. It is clear that F X G X = id, and the unit map id → G X F X is given by the obvious diagram containing the mapλ :
It follows that ((
) γ/ ) /X is weakly contractible if and only if Λ X is. But Λ X has an initial object, namely (A, B) where A is minimal such that ξ(A) = t and A ≥ α(i) for any i ∈ [k] such that γ(i) = t, and B is maximal such that ξ(B) = t + 1 and B ≤ α(i) for any i ∈ [k] such that γ(i) = t + 1. This implies that Λ X is indeed weakly contractible, which completes the proof. Proof. Since ALG 1 (C) → op is a coCartesian fibration, it suffices to show that if X is an object of ALG 1 (C) over [n] ∈ op , and X →X is a coCartesian morphism in
, thenX is also in ALG 1 (C). In other words, we must show that if X is a composite , the natural map colim
gives a factorization of this as
-algebra and the obvious functors
op are fully faithful, the map
is an equivalence. It thus suffices to show that
is an equivalence. This follows since the functor (( Definition 5.18. Let C be a monoidal ∞-category compatible with geometric realizations. Then we define Alg 1 (C) to be the (∞, 2)-category underlying the double ∞-category ALG 1 (C), i.e. the completion L 2 U Seg ALG 1 (C) of the underlying 2-fold Segal space of ALG 1 (C). (A, X, B) , where X is the object of C underlying M; we will make use of this work below in §6.4. Our first task is to prove that the map U is given by restriction along an extendable map of generalized non-symmetric ∞-operads, and so has a left adjoint. Proof. This follows by the same argument as in the proof of Proposition 5.9; we omit the details. 
Proof. Suppose (2) holds. Given e ∈ E and φ : p(e) → x, we must show that there exists a pcoCartesian morphism e → φ ! e over φ. By assumption, there exists a pushout square
φ in E such that the composite
is an equivalence. The adjunction identities imply that the map v factors as
where the first map is an equivalence, and that the composite 
Remark 5.29. The assumption that the tensor product on C is compatible with initial objects is not really necessary, but seems harmless for our purposes. To show that π is a coCartesian fibration we actually need only assume that C is compatible with geometric realizations, has an initial object, and that the pushout of
⊗n exists for all n for all A-B-bimodules M and morphisms of associative algebras A → A ′ , B → B ′ . In fact, it is not really necessary to assume that the ∞-category C has an initial object, provided the relative tensor products all exist; however, as π does not have a left adjoint in this case, our proof strategy breaks down. Moreover, it is probably not necessary to assume that the monoidal ∞-category C is compatible with geometric realizations for Corollary 5.22 to hold; we invite readers unwilling to freely adjoin initial objects and geometric realizations to their monoidal ∞-categories to find an alternative proof that works in complete generality.
6. E n -ALGEBRAS AND ITERATED BIMODULES
In this section we extend the results of §5 to the case n > 1: if C is a n -monoidal ∞-category compatible with geometric realizations we construct an (n + 1)-fold ∞-category ALG n (C) of E nalgebras. In §6.1 we observe that the definitions of §5.1 can be iterated and use this to define the ∞-categories ALG n (C) I for I ∈ n,op , and in §6.2 we prove that these ∞-categories satisfy the Segal condition and give a functor n,op → Cat ∞ . In §6.3 we then show that ALG n (C) is a lax monoidal functor in C and conclude from this that if C is an E n+m -monoidal ∞-category then ALG n (C) inherits an E m -monoidal structure. Finally, in §6.4 we identify the (∞, n)-category of maps from A to B in Alg n (C) with Alg n−1 (Bimod A,B (C)).
6.1. Iterated Bimodules for E n -Algebras and their Tensor Products. In §3 we considered iterated bimodules for E n -algebras as monoids for the overcategories n,op /I . In the non-Cartesian setting, the obvious generalization of this is to consider algebras for these categories, as they are indeed generalized n -∞-operads: By Corollary 4.31 n,op -algebras in a n -monoidal ∞-category C are equivalent to E n -algebras. To define the n-fold category object ALG n (C) in Cat ∞ of E n -algebras, an obvious choice for the ∞-category of objects is thus Alg /I -algebras; luckily, there is an obvious generalization of our definition in the case n = 1: Definition 6.2. We say a morphism (φ 1 , . . . , φ n ) in n is cellular if φ i is cellular for all i. For I ∈ n , we write n /I for the full subcategory of n /I spanned by the cellular maps. Proof. We must show that for any I ∈ n and any map ξ : J → I in n , the map ( n,op
is cofinal, or equivalently that the map
is coinitial. This map decomposes as a product, hence since a product of coinitial maps is coinitial this follows from the proof of Proposition 5.5. Proof. This category decomposes as a product, so this follows from Lemma 5.6.
Combining this with Corollary 4.41, we get Corollary 6.6. Suppose C is a n -monoidal ∞-category compatible with geometric realizations. Then for any I ∈ n , the restriction functor τ * I : Alg Definition 6.7. Let C be a n -monoidal ∞-category compatible with geometric realizations. We say that a n,op
We write ALG n (C) I for the full subcategory of Alg 6.2. The (n + 1)-Fold ∞-Category of E n -Algebras. Our goal in this subsection is to extend the results of §5.2 and §5.3 to the case of E n -algebras, i.e. to prove that the ∞-categories ALG n (C) I satisfy the Segal condition and are functorial in I. It turns out that these results both follow from those in the case n = 1 by simple inductions.
We first prove that ALG n (C) I satisfies the Segal condition. Let ( n /I ) ∐,op denote the ordinary colimit colim
in (marked) simplicial sets (over n,op ). From the structure of Cell n it is easy to see that this colimit can be written as an iterated pushout along injective maps of simplicial sets, so this is a homotopy colimit in the generalized n -∞-operad model structure. We wish to prove that the inclusion ( n /I ) ∐,op ֒→ n,op /I is a trivial cofibration in this model structure:
is an isomorphism.
Proof. The category (Cell n I/ ) op is isomorphic to the product ∏ k (Cell
op , and the functor (I → C) → ( n /C ) op is isomorphic to the product of the functors
(where j = 0 or 1). Since the Cartesian product of (marked) simplicial sets preserves colimits in each variable, the result follows. 
O n , so by induction it suffices to prove the result in the case n = 1, which is Proposition 5.9.
Corollary 6.10. Let M be a generalized n -∞-operad. The restriction map
is enriched in marked simplicial sets and the inclusion ( n /I ) ∐,op ֒→ n,op /I is a trivial cofibration by Proposition 6.9, for any generalized n -∞-operad M the restriction map Alg
is a trivial Kan fibration. Moreover, we have an equivalence of ∞-categories
since the colimit ( n /I ) ∐,op is a homotopy colimit. Corollary 6.11. Let C be a n -monoidal ∞-category compatible with geometric realizations. Then the natural restriction map
where the first is an equivalence by definition and the second by Corollary 6.10.
Next we prove that the ∞-categories ALG n (C) I for I ∈ n,op give a multisimplicial object.
Definition 6.12. Suppose C is a n -monoidal ∞-category. Let ALG n (V) → n,op denote a coCartesian fibration associated to the functor n,op → Cat ∞ that sends I to Alg n n,op /I (C). We write ALG n (C) for the full subcategory of ALG n (C) spanned by the objects of ALG n (C) I for all I, i.e. by the composite n,op /I -algebras for all I ∈ n,op . We wish to show that the projection ALG n (C) → n,op is a coCartesian fibration. To prove this, we extend the definitions of §5.3 in the obvious way: Definition 6.13. Suppose Φ = (φ 1 , . . . , φ n ) : I → J is a morphism in n . We say that a morphism
Definition 6.14. For I ∈ n and Φ : J → I any morphism in n , we write n /I [Φ] for the full subcategory of n /I spanned by the Φ-cellular maps to I. Proposition 6.15. For any morphisms Φ : J → I and Γ : K → J in n , the map
given by composition with Φ is coinitial. Proof. Since ALG n (C) → n,op is a coCartesian fibration, it suffices to show that if X is an object of ALG n (C) over I ∈ n,op , and X →X is a coCartesian morphism in ALG n (C) over Φ : J → I in n , thenX is also in ALG n (C). In other words, we must show that if X is a composite I-module, then (Φ * ) * X is a composite J-module for any map Φ : J → I. We thus want to prove that the counit map
Using the definition of τ J,! , it suffices to show that for each Γ ∈ ( n /J ) op , the natural map colim
gives a factorization of this as colim
Now since X is a composite and the inclusions ((
op are fully faithful, the map colim η :
is an equivalence. It thus suffices to show that colim η :
op is cofinal by Proposition 6.15, and so induces equivalences on colimits.
Combining Corollary 6.16 with Corollary 6.11, we have proved:
Theorem 6.17. Let C be a n -monoidal ∞-category compatible with geometric realizations. Then the projection ALG n (C) → n,op is a n -uple ∞-category.
Remark 6.18. Suppose C ⊗ and D ⊗ are n -monoidal ∞-categories compatible with geometric realizations, and f ⊗ : C ⊗ → D ⊗ is a n -monoidal functor such that the underlying functor f : C → D preserves geometric realizations. Then composition with f ⊗ induces a functor f * : ALG n (C) → ALG n (D). It follows from Remark 4.42 that this functor takes the full subcategory ALG n (C) into ALG n (D), and so induces a map f * : ALG n (C) → ALG n (D) of (n + 1)-fold ∞-categories. Definition 6.19. Let C be a n -monoidal ∞-category compatible with geometric realizations. We write Alg n (C) for the completion L n U Seg iALG n (C) of the underlying (n + 1)-fold Segal space U Seg iALG n (C) of the image of ALG n (C) under the forgetful functor i : Upl n ∞ ≃ Cat n (Cat ∞ ) → Cat n+1 (S). Thus Alg n (C) is a complete (n + 1)-fold Segal space, i.e. an (∞, n + 1)-category.
6.3. Functoriality and Monoidal Structures. Our goal in this subsection is to show that the (n + 1)-fold ∞-categories ALG n (C) we constructed above are functorial in C, and moreover that this functor is lax monoidal. From this it will follow immediately that if C is an E n+m -monoidal ∞-category compatible with geometric realizations, then the (∞, n + 1)-category Alg n (C) inherits a canonical E m -monoidal structure. We begin by introducing some notation for the source of our functor: : n,op → (Opd n ,gen ∞ ) op and the forgetful functor from large n -monoidal ∞-categories compatible with geometric realizations to large generalized n -∞-operads. Write ALG n for the full subcategory of ALG n spanned by the objects in ALG n (C) for all n -monoidal ∞-categories C compatible with geometric realizations. . Then it suffices to prove that if X → (Φ, F) ! X is a coCartesian morphism in ALG n , then (Φ, F) ! X lies in ALG n .
It is enough to consider the morphisms (Φ, id C ) and (id I , F) separately. We know that (Φ, id C ) ! X is in ALG n by Corollary 6.16, and the object (id, F) ! X lies in ALG n by Remark 6.18. The functor L n U Seg i is symmetric monoidal by Remark 3.13, and so the composite Mon n ,GR ∞ → Cat (∞,n) is also lax symmetric monoidal.
6.4. The Mapping (∞, n)-Categories of Alg n (C). Our goal in this subsection is to prove that, if A and B are E n -algebras in an E n -monoidal ∞-category C, then the (∞, n)-category Alg n (C)(A, B) of maps from A to B in Alg n (C) can be identified with the (∞, n)-category Alg n−1 (Bimod A,B (C)) of E n−1 -algebras in the ∞-category Bimod A,B (C) of A-B-bimodules, equipped with a natural E n−1 -monoidal structure.
First, we will show that in this situation Bimod A,B (C) does in fact inherit an E n−1 -monoidal structure:
Definition 6.28. Let C be a n+1 -monoidal ∞-category. We write Bimod is a n -monoidal functor. 
Applying this to L n, * X we see that we have an equivalence (L n, * X)(x, y) ∼ − → (ΛL n, * X)(x, y) ≃ (L n+1 X)(x, y). The n-fold Segal space (L n, * X)(x, y) is defined by the pullback square
But by [Hau14, Lemma 2.21] the functor L n preserves pullbacks over constant diagrams, so this fibre is equivalent to L n (X(x, y)), which completes the proof.
Proof of Theorem 6.34. Let U n+1
Seg : Cat n+1 (S) → Seg n+1 (S) denote the right adjoint to the inclusion, and let i n : Cat n (Cat ∞ ) → Cat n+1 (S) denote the inclusion, which is also a right adjoint. By Corollary 6.33 we then have a pullback square Corollary 6.36. Let C be a n+1 -monoidal ∞-category compatible with geometric realizations and initial objects, and write I for the unit of the monoidal structure, regarded as a (trivial) E n+1 -algebra in C. Then we have an equivalence
Alg n+1 (C)(I, I) ≃ Alg n (C).
